Optimal control is a very important field of study not only in theory but in applications. Based on the concept of fuzzy process, a fuzzy optimal control model is investigated with a quadratic objective functional for a linear fuzzy control system.
Introduction
The optimal control theory has been an important branch of modern control theory since the fifties of the last century. The study of optimal control greatly attracted the attention of many mathematicians because of the necessity of strict expression form in optimal control theory. With the more use of methods and results on mathematics and computer science, optimal control theory has greatly achieved development, and been applied to many fields such as production engineering, programming, economy and management.
The study of stochastic optimal control initiated in the 1970s such as in [1] for finance. Some research on optimal control of Brownian motion process or stochastic differential equations and applications in finance refer to some books such as [2] [3] [4] . One of the main methods for studying optimal control is dynamic programming. The use of dynamic programming in optimization over Ito's process is discussed in [5] .
The complexity of the world makes the events we face uncertain in various forms. Besides randomness, fuzziness is also an important uncertainty, which plays an essential role in the real world. Fuzzy set theory has been developed very fast since it was introduced by scientist on cybernetics Zadeh [6] in 1965. A fuzzy set was characterized with its membership function by Zadeh. In order to give a self-dual measure for fuzzy events, Liu and Liu [7] introduced the concept of credibility measure in 2002. Based on credibility measure, credibility theory was founded by Liu [8] in 2004 and refined by Liu [9] as a branch of mathematics for dealing with the behavior of fuzzy phenomena. A fuzzy variable may be redefined as a function from a credibility space to the set of real numbers. As fuzzy counterpart of stochastic process and Brownian motion, fuzzy process and C process was introduced by Liu [10] recently. We may call C process to be Liu process.
In order to handle an optimal control problem with fuzzy process, Zhu [11] introduced and dealt with a fuzzy optimal control problem by using dynamic programming in 2009. Zhu presented the equation of optimality for a fuzzy optimal control expected value model. The equation provided a necessary condition for the existence of optimal control, and also a sufficient condition if the objective function is convex or concave. The optimal control may be derived from the solutions of the equation of optimality. However, the equation of optimality generally does not have analytic solutions except some special cases.
In this paper we will study a special fuzzy optimal control problem: linear quadratic fuzzy optimal control problem. It is an important model and has analytic optimal control solutions. The rest of the paper is organized as follows. In the next section we will review some basic concepts and introduce fuzzy control system. In Section 3, we will introduce the equation of optimality for a fuzzy optimal control problem. In Section 4, we will consider the solutions of a linear quadratic fuzzy optimal control model.
Preliminaries
For convenience, we give some useful concepts at first. Let (Θ, P, Cr) be a credibility space [8] , where Θ is a nonempty set, P the power set of Θ, and Cr a credibility measure. A fuzzy variable is a measurable function from a credibility space (Θ, P, Cr) to the set of real numbers. If a fuzzy variable ξ is given by a membership function µ, then we may get the credibility value via
Conversely, the membership function of a fuzzy variable ξ may be derived from the credibility measure by
Definition 2.1 (Liu and Liu [7] ). Let ξ be a fuzzy variable. Then the expected value of ξ is defined by
provided that at least one of the two integrals is finite.
Based on the credibility space, Liu [10] introduced the concepts of fuzzy process, Liu process, fuzzy differential equation, etc. [10] ). Let T be an index set and let (Θ, P, Cr) be a credibility space. A fuzzy process is a function from T × (Θ, P, Cr) to the set of real numbers.
Definition 2.2 (Liu
That is, a fuzzy process X (t, θ ) is a function of two variables such that the function X (t, θ ) is a fuzzy variable for each t. For each fixed θ , the function X (t, θ ) is called a sample path of the fuzzy process. Instead of longer notation X (t, θ ), sometimes we use the symbol X t . [10] ). A fuzzy process, simply denoted by X t , is said to have independent increments if X t 1 − X t 0 , X t 2 − X t 1 , . . . , X t k − X t k−1 are independent fuzzy variables for any times t 0 < t 1 < · · · < t k . A fuzzy process X t is said to have stationary increments if, for any given t > 0, the increments X t s+t − X t s are identically distributed fuzzy variables for all s > 0.
Definition 2.3 (Liu

Definition 2.4 (Liu [10]).
A fuzzy process C t is said to be Liu process if
(ii) C t has stationary and independent increments, (iii) every increment C t s+t − C t s is a normally distributed fuzzy variable with expected value et and variance σ 2 t 2 , whose membership function is
The parameters e and σ are called the drift and diffusion coefficients, respectively. The Liu process is said to be standard if e = 0 and σ = 1. The Liu process plays the role of Brownian motion or Wiener process.
Fuzzy differential equation was proposed by Liu [10] in 2008 as a type of differential equation driven by Liu process just like that stochastic differential equation is a type of differential equation driven by Brownian motion. Definition 2.5 (Liu [10] ). Suppose C t is a standard Liu process, and f and g are some given functions. Then
is called a fuzzy differential equation. A solution is a fuzzy process X t that satisfies (2.1) identically in t.
Definition 2.6. A fuzzy differential equation with the following form
is called linear fuzzy differential equation where α t , β t , δ t , γ t are given fuzzy processes.
The equation of optimality
Fuzzy optimal control is to choose the best decision such that an objective function related to a fuzzy process provided by a fuzzy differential equation is optimized. Because the objective function is a fuzzy variable for any decision, we cannot optimize it as a real function. A question is how to compare two different fuzzy variables, or how to decide which is large. In fact, there are many methods to do so but there is no any method to be best. These methods are established due to some criteria including, for example, expected value, optimistic value, and credibility [12] . Now we make use of the expected value-based method to optimize the fuzzy objective function. That is, we assure that a fuzzy variable is larger than the other if the expected value of it is larger than the expected value of the other.
A fuzzy optimal control model was considered in Zhu [11] and we restate it as follows, 
The aim of a fuzzy optimal control model is to choose the best control Z s such that the given objective functional related to X s is optimized.
Theorem 3.1 (Zhu [11]). Assume that J(t, x) is a twice differentiable function on
Remark 3.1. The equation of optimality (3.3) gives a necessary condition for an extremum. If the equation has solutions, then the optimal decision and optimal value of objective function are determined. If function F is convex in its arguments, then the equation will produce a minimum, and if F is concave in its arguments, then it will produce a maximum. That is, if F is convex or concave, then the equation gives a sufficient condition for an extremum. We note that the boundary condition for the equation is J(T , X T ) = S(T , X T ).
Linear quadratic model
In this section, we consider a special fuzzy optimal control model with a quadratic objective function subject to a linear fuzzy differential equation. This is an interesting and important model in applications.
General case
We formulate a linear quadratic fuzzy optimal control model as follows,
where x 0 is the initial state. The aim to discuss this model is to find an optimal control Z * t which is a function of time t and state X t . For any 0 < t < T , use J(t, x) to denote the optimal value obtainable in [t, T ] with the condition that at time t we are in state X t = x.
Theorem 4.1. Assume that J(t, x) is a twice differentiable function on [0, T ] × R. Let F (t), G(t), H(t), L(t), M(t), N(t), α(t), β(t), γ (t), δ(t), σ (t), µ(t), G −1 (t) be continuous bounded functions of t, and F (t) ≥ 0, G(t) > 0. A necessary and sufficient
condition that Z * t be an optimal control for (4.1) is that 
2) where x is the state of the state variable X s at time t obtained by applying the optimal control Z * t , the function P(t) satisfies the following Riccati differential equation and boundary condition
   dP(t) dt = β(t) 2 2G(t) P(t) 2 + H(t)β(t) G(t) − 2α(t) P(t) + H(t) 2 G(t) − 2F (t) P(T ) = 2S T ,
H(t)β(t)
The optimal value is
where R(t) satisfies
Proof. The necessity will be proved first. It follows from the equation of optimality (3.3) that
and
Hence
. 
Taking derivative in both sides of (4.9) with respect to x yields that
we guess λ(t) = P(t)x(t) + Q (t).
(4.12)
Taking derivative in both sides of (4.11) with respect to t yields that
Substituting Eqs. (4.8), (4.10) and (4.11) into Eq. (4.13) yields that
H(t)β(t)P(t)
2G(t)
− 2α(t)P(t) +
P(t)β(t)H(t)
(4.14)
Taking derivative in both sides of (4.12) with respect to t yields that
By Eqs. (4.14) and (4.15) we get
It follows from (4.11) and (4.12) that
λ(T ) = 2S T x(T ), and λ(T ) = P(T )x(T ) + Q (T ).
So we have
Hence P(t) satisfies the Riccati differential equation and boundary condition (4.3), and the function Q (t) satisfies the differential equation and boundary condition (4.4). By solving the above equations, the expressions of P(t) and Q (t) can be obtained, respectively. In other words, the optimal control Z * t are provided for the linear quadratic model by (4.2) Now we will verify the sufficient condition of the theorem. Assume that Z * t , P(t), Q (t) satisfy (4.2), (4.3), (4.4), respectively. Now we prove that Z * t provided by (4.2) is an optimal control. By the equation of optimality (3.3), we have
where R(t) is provided by (4.5). Since is an optimal control. At the same time we also get the optimal value
The theorem is proved.
Special case
As a special case of (4.1), we consider the following linear quadratic model 
be continuous bounded functions of t, and F (t) ≥ 0, G(t) > 0, S T ≥ 0. It follows from Theorem 4.1 that a necessary and sufficient condition that Z * t be an optimal control for (4.19) is that
, (4.20) where P(t) satisfies the following Riccati differential equation and boundary condition
(4.21)
We also know that the optimal value is J * (0, x 0 ) = By the existence and uniqueness of fuzzy differential equations [13] , X 1s = X 2s . Thus x 1 = X 1t = X 2t = x 2 . Therefore Z * 1t = Z * 2t .
Conclusion
Based on the equation of optimality for fuzzy optimal control, in this paper, we studied a linear quadratic fuzzy optimal control problem, and obtained the necessary and sufficient condition for the existence of optimal control. Besides, we proved the existence and uniqueness of the optimal control of a special linear quadratic fuzzy optimal control model.
